INTRODUCTION
The resilient modulus (M R ) is commonly used to characterize the behaviour of unsaturated, unbound granular material under repeatedly applied traffic loading. However, M R is not constant, and parameters such as stress level, density, moisture content and the number of load repetitions, to name a few, all influence the resilient behaviour of unbound granular material (Lekarp et al, 2000; Cary and Zapata, 2010) .
Numerous models have been developed to approximate the behaviour of unsaturated, unbound granular material, mainly based on constitutive laws and correlations with other properties (Lekarp et al, 2000; George, 2004; Kim 2007) . The Mechanistic-Empirical Pavement Design Guide (MEPDG) recognizes the influence of material and environmental factors on M R through the incorporation of the Enhanced Integrated Climate Model (EICM) to model environmental effects on pavement layers. EICM calculations are used in MEPDG at input Levels 2 and 3, in the form of a composite environmental adjustment factor, adjusting M R accordingly for the governing environmental and material factors (NCHRP, 2004) . MEPDG adopted a hierarchical approach to designing the inputs, which aims to give the designer more flexibility in obtaining design inputs for a project based on the criticality of the project and available resources. The hierarchical approach is applied to traffic, materials and environmental inputs. In general, Level 1 inputs pro-
STATISTICAL MOdELLING OF THE RESILIENT BEHAVIOUR OF... 10 S L O V A F A C U L A N N U A
vide for the highest level of accuracy and thus would have the lowest level of uncertainty or error. Level 2 inputs provide an intermediate level of accuracy and would be closest to the typical procedures used with earlier editions of the American Association of State Highway and Transportation Officials (AASHTO) Guide. This level could be used when resources or testing equipment are not available for the tests required for Level 1. Level 2 inputs typically would be user-selected, possibly from a database, could be derived from a limited testing program, or could be estimated through correlations. Level 3 inputs provide the lowest level of accuracy. This level might be used for designs where there are minimal consequences from early failure (e.g., lower volume roads). Inputs typically would be user-selected values or typical averages for the region (NCHRP, 2004) .
For M R calculations at Level 1, MEPDG refers the designer to a constitutive equation that relates M R to bulk stress, octahedral shear stress, and atmospheric pressure at any given location within the pavement. Input Levels 2 and 3 do not consider stress sensitivity. At Level 2, the designer estimates M R at a reference moisture condition which is determined near at or near the optimum moisture content and maximum dry density. For input Level 3, an estimate of the M R is sufficient (NCHRP, 2004) .
To contextualize the MEPDG's hierarchical approach and the incorporation of environmental and material factors for South Africa, an initial investigation was done to develop Level 2 and/or Level 3 M R correlations through statistical distributions.
INITIAL STUDY INTO STATISTICAL DISTRIBUTIONS
An initial study, which was a precursor to a more in-depth investigation, was conducted to predict the resilient behaviour based on the basic engineering properties of the material. The process is based on a statistical evaluation of the measured resilient behaviour and measured basic engineering properties of a range of materials.
Available data
The measured M R tri-axial test data and basic engineering properties from the Long Term Pavement Performance (LTPP) project database were evaluated (LTPP, 2011) . Data were sorted by layer type to only include subgrade 'SS', granular subbase 'GS' and granular base 'GB' data from State 1, 6, 10, 12, 19, 20, 21, 22, 23 and 24. Sorting the data by layer was only done to ensure that only unbound granular material data was included in the data set and not to enable linkage of the data to specific layers in the pavement structure. In situ-, specific layer and pavement structure M R values will be evaluated in a more in-depth study. A total of 2099 M R tri-axial data points were selected. Two data sets of the M R tri-axial test data (63 data points) and basic engineering properties of the South African (SA) material were also included (Theyse, 2008) .These samples were tested over a wider range of density level and moisture content than the LTPP data, which resulted in a wider range of measured M R values.
LTPP M R tri-axial testing was done according to Protocol P46, and SA M R tri-axial testing was done according to a protocol developed by the Centre for Scientific and Industrial Research (CSIR), based on Protocol P46 (Theyse, 2008; FHWA, 1996) . The data on the basic engineering properties included sieve analysis, Modified AASHTO compaction characteristics and classification of the material based on the AASHTO classification system (AASHTO, 1929) and the TRH14 classification system (TRH14, 1985).
Selected statistical distributions
The measured resilient behaviour was evaluated to determine which statistical distribution best fits the resilient behaviour. The best-fit distribution is defined as the distribution with the best Kolmogorov-Smirnov (K-S) value (Steyn, 2011) . The K-S test quantifies the distance between the empirical distribution function of the sample and the cumulative distribution function selected as the reference distribution (in this case the Weibull and Log-normal).
The Weibull and Log-normal distributions were selected because these distributions only allow non-negative outputs, as would be expected for the resilient behaviour of an unbound granular material (Steyn, 2011) . Table 1 summarize the best-fit, Weibull and Log-normal Kolmogorov-Smirnov (K-S) statistics and ranking. The statistics and rankings are shown as the minimum, average and maximum ranking achieved by each of the Weibull and Log-normal distributions out of a possible 65 distributions. The K-S statistics are generally higher than the required values for a statistically acceptable distribution for each data set, but an evaluation of the actual data histograms and that of the Weibull and Log-normal distributions indicate that, from an initial study point of view, these distributions simulate the measured resilient behaviour sufficiently ( Figure 1 ). In Figure  1 , samples AA and BB have a wider range of M R values due to the experimental design, which differs from that of the LTPP data, as mentioned before.
Tab. 1 Best-fit, Weibull and Log-normal statistics for data set.
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Analysis of the Parameters to develop Statistical Parameter Equations
The parameters of the statistical distributions were analysed to develop equations that can be used to generate the statistical parameters for the Weibull and Log-normal distributions by using the basic engineering properties of a material as input. The parameters of the statistical distributions were analysed and the minimum, average and maximum values are summarized in Table 2 .
Tab. 2 Values for parameters for Weibull and Log-normal distributions for data set.
Statistical parameters Minimum
Average Maximum The minimum, maximum and average values for the statistical parameters, as well as the measured M R values were used to calculate the behaviour, per sample, as a function of the Weibull and Log-normal distributions, which is depicted in Figures 2 and 3 . The Weibull equation is given in Equation 1.
(1)
Where: α = Shape parameter β = Scale parameter x = Variable data point An example of the calculation for one Weibull data point is as follows:
When the minimum values of the parameters of the statistical distributions were used to express the measured resilient behaviour as a function of the Weibull and Log-normal distributions, samples S23 and S10 were approximated well by the distributions, but not by the remainder of the samples. When the maximum values of the parameters of the statistical distributions were used, only sample BB was approximated well by the distributions. The average values of the parameters of the statistical distributions were therefore used to express the measured resilient behaviour as a function of the Weibull and Log-normal distributions (Figures 2 and 3) . The statistical distributions approximate the majority of the data well; however, the approximation for material with a similar material classification is not the same. Samples S12 and BB have a similar classification (A-2-4, A-2-5), but the M R values are not similar; therefore, the approximation of the M R of the material is not good.
Closer inspection of the basic engineering properties shows that samples BS03 and BB both have a Grading Modulus (GM) of 2 and approximately 30 per cent passing the 0.425 mm sieve, which might explain the wider spread of the Weibull distribution of the M R measured. Sample BS** and BSX07 have GM values of less than 0.4 and greater than 80 per cent passing the 0.425 mm sieve, which might explain the Log-normal distribution of the M R measured showing a similar spread. This indicates that the material classification alone cannot be used as a guide to indicate the expected resilient behaviour of the material.
In order to determine which basic engineering properties of the material to incorporate as parameters in the equations to generate the statistical parameters, the correlation between the properties was analysed (Table 3) . A good correlation exists between variables if the correlation coefficient is close to or inclusive of one, whether positive or negative (Van As, 2003) . All the values reported in Table  3 were satisfactory, except for P max, which indicated a poor correlation. However, it was decided to incorporate all of the properties as parameters in the equations for this preliminary investigation. 
Linear regression analysis was used to derive the equations for the statistical parameters of the Weibull and Log-normal distributions, using the basic engineering properties as determined in Table  3 . Table 4 gives the equations for the statistical parameters of the Weibull and Log-normal distributions, as well as the standard error and R 2 for each of the parameters. Relatively large standard errors for the Weibull Beta parameter were recorded, which is the parameter which gives an indication of the scale of the distribution, as well as for the Weibull and Log-normal Gamma parameter, which gives an indication of the location of the distribution. The R 2 values recorded for all the parameters are low, the minimum being 24 per cent and the maximum 60 per cent. Ideally the error must be as small as possible and the R 2 as close to 100 per cent as possible, but for a preliminary investigation into a Level 2 and/or Level 3 estimation, the current values are deemed sufficient.
Verification of Equations to Estimate the Statistical Parameters for distributions
To test the equations developed in the previous section, the measured resilient behaviour and basic engineering properties from the two materials also obtained from the LTPP database (but excluded from the development database) were evaluated. The Weibull and Log-normal distributions obtained from the input equations modelled the trend in the measured resilient behaviour of the two materials. The modelled distributions are depicted in Figures 4 and 5 along with the measured resilient behaviour. Figure 4 depicts the data obtained from sample BS** from State 30, which corresponds with an A-6 material classification modelled by a Log-normal distribution. Figure 5 depicts the data obtained from sample BS06 from State 26, which corresponds with an A-4 material classification modelled by a Weibull distribution. The better modelling of data from sample BS** to sample BS06 may have contributed to the number of data points which could be modelled. For sample BS** 55 data points were available versus the 14 data points available for sample BS06.
A parametric study was also conducted to determine how the various basic engineering properties affect the resilient behaviour. In this study, for example, GM was varied through reasonable values, while P max , P 0.425 , MDD and MC/OMC were given average values. This was repeated for each of the properties used in the equations which estimated the statistic parameters. The variables A 1 to A 6 were the same as derived through the regression analysis. 
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STATISTICAL MOdELLING OF THE RESILIENT BEHAVIOUR OF... Vol. XXI, 2013, No. 1, 9 -16 Grading Modulus (GM) GM was varied between 0 and 3 with 2 used as an average value. The range of GM values could be modelled by the distributions throughout the range, and it seems as though GM influences the location and width of the spread of the distribution. Figure 6 depicts the Log-normal (3P) distribution when GM values range from 0.5 to 1.5. The distribution is bell shaped. The literature indicates that GM influences M R when moisture is introduced and that well-graded 
Tab. 4 Parameters for equations to determine the statistical input for distributions.
Weibull
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Vol. XXI, 2013, No. 1, 9 -16 materials yield higher M R values because these materials can hold water in the pores (Lekarp et al, 2000) .
Maximum Particle Size (P max )
P max was varied between the sieves regularly encountered as a maximum. As an average, P max = 26.5 mm was used. The highest M R values were predicted by the smallest of the three sizes analysed, while the smallest M R values were predicted by the largest of the three sizes analysed. The literature is not definitive on the influence of P max on M R and indicates that for aggregates with the same amount of fines and a similar shape of grain size distribution, M R has been shown to increase with increasing P max (Lekarp et al, 2000) . In practice, however, the amount of fines vary, and a well-graded material is ideal, which means that an increasing P max will probably not yield an increasing M R . The selected distributions were bell shaped to slightly negatively skewed, which means that the mean is smaller than the median, reflecting the fact that the mean is sensitive to each score in the distribution and is subject to large shifts when the sample is small and contains extreme scores (Hall, 2011) . Figure 7 illustrates the Weibull distribution for the three sizes analysed.
Percentage Passing 0.425 mm Sieve (P 0.425 ) P 0.425 was varied between the values of 0 to 85 per cent with an average of 25 per cent. It was found that the highest M R value was predicted by the highest percentage analysed and that the lowest M R value was predicted by the lowest percentage analysed. This is somewhat counterintuitive. The literature is not clear on the influence of fine material on M R , but studies indicate that a high amount of fines corresponds to a low M R (Lekarp et al, 2000) . The 25 per cent distribution with a narrow spread, which implies that a M R prediction can be made with greater confidence than at higher percentages, supports the literature findings. The distributions are also bell shaped, and the width of the spread of the distributions becomes wider as the percentage analysed becomes higher. Figure 8 illustrates the Log-normal (3P) distribution at different percentages passing the 0.425 mm sieve.
Maximum Dry Density (MDD)
The MDD varied between 1 500 kg/m 3 and 2 100 kg/m 3 with an average of 1 880 kg/m 3 . The spread of the distributions was less than for the other properties, with the spread being smallest when the lowest density was analysed and widest when the highest density was analysed. The influence of density on M R values has been well documented, and a number of studies indicate a high density correlates to a high M R value (Lekarp et al, 2000) . The distributions of the variable MDD is bell shaped to slightly positively skew. Figure 9 illustrates the Log-normal distribution of the various densities.
Moisture content and Optimum Moisture Content Ratio (MC/OMC)
The MC/OMC varied between 0 and 1 with an average value of 0.6. For this preliminary investigation, MC was kept constant at 0.5 in the ratio throughout the analysis process. With MC = 0.5, when the OMC is high, a low ratio is obtained, which results in the distributions estimating reasonable M R values. When the MC/OMC ratio 
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STATISTICAL MOdELLING OF THE RESILIENT BEHAVIOUR OF... Vol. XXI, 2013, No. 1, 9 -16 is high (i.e. MC is close to OMC), lower M R values are predicted by the distributions. This makes practical sense, since OMC of a material is at approximately 80 per cent saturation at which lower M R values are expected. The distributions are all bell shaped. Figure  10 illustrates the Weibull distributions for the different MC/OMC ratios analysed.
From the relatively successful verification (based on a small development dataset) of the equations to estimate the statistical parameters for the distributions and confirmation by the parametric study that realistic results can be obtained, the investigation was taken a step further.
DEVELOPMENT OF A FAMILY OF DISTRIBUTIONS PREDICTING M R
Using Equation 1 and applying it to a material with a GM of 1.2, P max of 26.5 mm, P 0.425 of 65 per cent, MDD of 1 880 kg/m 3 and varying the MC/OMC ratio between 0.05 and 1, a family of distributions can be generated estimating the M R obtainable at each MC/OMC ratio. Figure 11 depicts this family of distributions.
When the M R estimated in Figure 11 by the Log-normal distribution at each MC/OMC ratio is evaluated as indicated in Figure 12 , a graph is generated from which the M R can be estimated for that material, given the specific MDD used as input.
Previously in South Africa, M R values had to be determined through tri-axial testing (Level 1) or through the use of tables containing upper and lower M R limits for a specific material classification, taking into account a wet or dry condition (Level 2 and/or 3) (Theyse et al., 1996) . If a family of distributions can be generated to be summarized in a graph such as Figure 12 for any material of which the basic engineering properties are known, a better estimation of the M R value can be made by incorporating the basic material properties for that specific material.
CONCLUSION AND RECOMMENDATIONS
This initial investigation showed that the Weibull and/or Log-normal statistical distributions can be used to estimate realistic M R values for a material. As input to the statistical distributions, the statistical parameters can be generated through equations using the basic engineering properties of the material.
The investigation focused on LTPP data obtained from the LTPP database, and a broader database incorporating South African materials data will be used to expand the applicability of the approach and develop equations for South African conditions. Similar refinements can be developed for other regions, leading to potentially improved estimates of the resilient moduli for available materials under different moisture conditions.
Further refinement of the statistical parameter equations is required to achieve more realistic M R estimations. 
